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NEW RANGE THEOREMS
FOR THE DUAL RADON TRANSFORM

ALEXANDER KATSEVICH

Abstract. Three new range theorems are established for the dual Radon
transform R∗: on C∞ functions that do not decay fast at infinity (and admit
an asymptotic expansion), on S(Zn), and on C∞0 (Zn). Here Zn := Sn−1×R,
and R∗ acts on even functions µ(α, p) = µ(−α,−p), (α, p) ∈ Zn.

1. Introduction and statement of the main results

A number of range theorems for the Radon transform R are known. A partial
list includes ranges of R on compactly supported C∞ functions, on rapidly de-
creasing C∞ functions, on compactly supported functions from Sobolev’s spaces,
on C∞ functions that do not decay rapidly at infinity, on compactly supported
distributions, on distributions of rapid decay, etc. [GGV66, Hel80, Hel82, Her83,
Her84, Kat97, LP70, Lou84, Lud60, Ram95, SSW77]. However, less is known about
the dual Radon transform R∗ and how it acts on different spaces of functions. In
particular, it was shown in [Her84] that R∗ : D′(Zn) → D′(Rn) is not surjective.
An asymptotic expansion of f(rβ) = R∗µ, µ ∈ S(Zn), as r →∞, and an inversion
formula for R∗ have been obtained in [Sol87, SM88] (see also [Hel65, Gon84, Gon87]
for earlier inversion formulas and [Ram96] for a generalization to nonsmooth func-
tions). A relationship between singular supports of f = R∗µ and µ is established in
[Ram96]. Most of the known explicit characterizations of ranges of R∗ are based on
the identity R∗KRf = f, f ∈ S(Rn), that is, the range of R∗ acting on the space
X = KRS is S (see e.g. [Lud60, Ram96, RK96]). Here K is a certain singular
operator (see (1.4) below). Even though the space X can be conveniently described
by moment conditions, it is of interest to find ranges of R∗ on conventional spaces
of functions, that is, on such spaces where one does not assume any moment condi-
tions, and imposes only some natural conditions on the rate of decay at infinity or
compactness of support. Three such results are obtained in this paper. We estab-
lish range theorems for R∗ on C∞ functions that do not decay fast at infinity (and
admit an asymptotic expansion), on S(Zn), and on C∞0 (Zn). Also, we give a simple
formula that relates the coefficients of the expansion of f = R∗µ and moments of µ.
Even though such a relationship is known (see (3.5) in [Sol87]), the formula given
here is shorter and more convenient to work with. For example, our derivation of
the range of R∗ on S relies heavily on this formula.
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The following notation is used throughout the paper. The Radon transform R
and its dual R∗ are defined by

Rf(α, p) =
∫
Rn
f(x)δ(α · x− p)dx, R∗µ(x) =

∫
Sn−1

µ(α, α · x)dα,(1.1)

where Sn−1 is the unit sphere in Rn. Since R∗ annihilates odd functions, we consider
R∗ acting only on even functions: µ(α, p) = µ(−α,−p). The inversion formula for
R∗ is given by (see (8.2) in [Sol87])

γnRI1−nR∗µ = µ, µ ∈ S(Zn), γn :=
1

2(2π)n−1
, Zn := Sn−1 × R,(1.2)

where the operator Ia (the Riesz potential) is defined by

Iaf := F−1(|ξ|−aFf),(1.3)

and F is the n-dimensional Fourier transform. Similarly, F denotes the one-
dimensional Fourier transform acting with respect to the second variable. The
operator K referred to above is

Kµ := γnF
−1(|t|n−1Fµ), µ ∈ S(Zn).(1.4)

S(Zn) and S(Rn) are the Schwartz spaces of functions that decrease rapidly with
all their derivatives, and Ym denotes an arbitrary spherical harmonics of degree m.

First, we will state the main results. The proofs are given in the following two
sections.

Theorem 1. Let X be the space of C∞(Zn) even functions that admit the expan-
sion

µ(α, p) ∼
∞∑
k=0

Mk∑
m=0

µk,m(α)
lnm p
pk+1

, p→ +∞, µk,m ∈ C∞(Sn−1),(1.5)

which is uniform with respect to α ∈ Sn−1 and can be differentiated with respect to
α and p any number of times. Let Y be the space of C∞(Rn) functions that admit
the expansion

f(rβ) ∼
∞∑
k=0

Jk∑
j=0

fk,j(β)
lnj r
rk+1

, r → +∞, fk,j ∈ C∞(Sn−1),(1.6)

which is uniform with respect to β ∈ Sn−1 and can be differentiated with respect to
x = rβ any number of times. Then R∗X = Y, R∗ : X → Y is injective, and the
inversion formula (R∗)−1 = γnRI1−n holds on Y.

Theorem 2. Let Y1 ⊂ Y be the space of C∞(Rn) functions that admit the expan-
sion

f(rβ) ∼
∞∑
k=0

fk(β)
rk+1

, r → +∞,

fk ∈ C∞(Sn−1), fk(−β) = (−1)kfk(β),

(1.7)

which is uniform with respect to β ∈ Sn−1 and can be differentiated with respect to
x = rβ any number of times. Suppose, in addition, that∫

Sn−1
fk(β)Ym(β)dβ = 0, m ≤ k − (n− 1), if k ≥ n− 1 and n is odd,(1.8)
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and, for any polynomial P , the finite part of the limit

MP = F.p. lim
ε→0+

∫
Rn
f(x)P (x)e−ε|x|dx = 0, if n is even.(1.9)

Then R∗S(Zn) = Y1. Let Y2 ⊂ Y1 be the set of functions such that given any
spherical harmonics Ym, one has∫

Sn−1
f(rβ)Ym(β)dβ =

∞∑
k=0

r−(k+1)

∫
Sn−1

fk(β)Ym(β)dβ, r > A,(1.10)

where A > 0 is some constant independent of m (A, of course, depends on f).
Then R∗C∞0 (Zn) = Y2. Moreover, if f ∈ Y2 and A > 0 are such that (1.10) holds,
then µ(α, p) = (R∗)−1f = 0, |p| > A.

Proposition 1. Let f = R∗µ for some µ ∈ S(Zn). Then the coefficient fk(β) in
the expansion of f can be expressed in terms of µ as follows:

fk(β) =
(−1)k

k!

∫
Sn−1

∫ ∞
−∞

δ(k)(α · β)pkµ(α, p)dpdα,(1.11)

or, equivalently,

fk(β) =
1
k!

∫
ω·β=0
|ω|=1

∫ ∞
−∞

pk
(
∂

∂t

)k [
µ(tβ +

√
1− t2ω, p)(1− t2)

n−3
2

]
t=0

dpdω.

(1.12)

2. Proof of Theorem 1

First, two auxiliary lemmas will be stated and proved, and then the proof of
Theorem 1 will be given.

Lemma 1. Consider the function

f(λ) =
∫ ∞

0

∫ 1

−1

g(x, y)eiλxydydx,(2.1)

where g(x, y) is C∞((0,∞)) and C∞0 ([−1, 1]) with respect to x and y, respectively,
g and all of its derivatives decay faster than any power of 1/x as x→∞, and

g(x, y) ∼
∞∑
k=0

Mk∑
m=0

gk,m(y)xk lnm x, x→ 0+, gk,m ∈ C∞0 ([−1, 1]),(2.2)

the expansion is uniform with respect to y ∈ [−1, 1], and can be differentiated with
respect to x > 0 and y ∈ [−1, 1]. Then

f(λ) ∼
∞∑
k=0

Mk∑
m=0

∫ 1

−1

Ψk,m(λy)gk,m(y)dy, λ→∞,(2.3)

where Ψk,m are defined via the one-dimensional Fourier transform

Ψk,m(t) := Fs→t(sk+ lnm s+),(2.4)

and the expansion can be differentiated with respect to λ.
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Changing variables in the Fourier transform integral which defines Ψk,m, it is
easy to see that

Ψk,m(λy) = λ−(k+1)
m∑
j=0

(
m

j

)
(− lnλ)jΨk,m−j(y).(2.5)

Therefore, (2.3) is a bona fide asymptotic expansion. We used the form (2.3) rather
than the standard explicit form because the former is more compact and convenient
for our purposes.

Even though Lemma 1 appears to be a standard result, the author failed to
find a reference where it was stated in the same form as above. The closest result
is given in [Fed77]. However, the book is not readily available and, moreover,
the corresponding lemma in [Fed77] is stated without logarithmic terms. Since
Lemma 1 is central to the proof of the main results, a short derivation of the
asymptotic expansion in (2.3) is presented here for convenience of the reader.

Proof. Substituting (2.2) into (2.1), we find formally

f(λ) ∼
∞∑
k=0

Mk∑
m=0

∫ ∞
0

∫ ∞
−∞

gk,m(y)xk lnm xeiλxydydx

=
∞∑
k=0

Mk∑
m=0

∫ ∞
−∞

gk,m(y)Fx→λy(xk+ lnm x+)dy.

(2.6)

Let us prove that the formal expansion in (2.6) is asymptotic. Define the function
IK(λ) as follows:

IK(λ) :=
∫ ∞

0

∫ ∞
−∞

gK(x, y)eiλxydydx,

gK(x, y) := g(x, y)−
K−1∑
k=0

Mk∑
m=0

gk,m(y)xk lnm x.
(2.7)

We have to show that the larger K is the faster IK(λ) decreases as λ → ∞. Fix
any ϕ ∈ C∞(R+) such that ϕ(x) = 1, x < 1, and ϕ(x) = 0, x > 2. Then the
same integral as in (2.7), except that the integrand is multiplied by (1 − ϕ(x)), is
O(λ−∞), λ→∞, because we can integrate by parts with respect to y, any number
of times and x is bounded away from zero on supp (1 − ϕ). Since ϕ(x)gK(x, y) is
compactly supported and gK(x, y) = O(xK lnMK x), x→ 0+, we have

IK(λ) =
∫ ∞

0

∫ ∞
−∞

ϕ(x)gK(x, y)eiλxydydx

=
(
i

λ

)K ∫ ∞
0

∫ ∞
−∞

(∂/∂y)K(ϕ(x)gK(x, y))
xK

eiλxydydx,

(2.8)

and the last integral is absolutely convergent uniformly with respect to λ ∈ R+.
Therefore, I(λ) decays at least as fast as O(1/λK), λ→∞, which proves the desired
result. Differentiating (2.8) with respect to λ under the integral sign and then
integrating by parts with respect to y one more time (this is possible because after
the differentiation an additional factor x appears), we establish differentiability of
(2.6) with respect to λ.
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Lemma 2. Pick any function g ∈ C∞(Rn) such that

g(rβ) ∼
∞∑
k=0

Jk∑
j=0

gk,j(β)
lnj r
rk+n

, r →∞, gk,j ∈ C∞(Sn−1),(2.9)

the expansion is uniform with respect to β ∈ Sn−1 and can be differentiated with
respect to x = rβ. Then Rg ∈ C∞(Zn),

Rg(α, p) ∼
∞∑
k=0

Jk∑
j=0

p−(k+1)

∫
α·β>0

(α · β)k lnj(p/(α · β))gk,j(β)dβ, p→ +∞,

(2.10)

the expansion is uniform with respect to α ∈ Sn−1 and can be differentiated with
respect to α and p.

Proof. Clearly, g(rβ) is absolutely integrable over any hyperplane in Rn, therefore
Rg(α, p) exists for all (α, p) ∈ Zn. Consider a subset Ωε of Sn−1 defined, for
example, by the conditions |α̂| < ε, αn > 0, where α = (α̂, αn), α̂ = (α1, . . . , αn−1).
Suffice it to show that Rg(α, p) is differentiable for α ∈ Ωε. Since αn =

√
1− |α̂|2 6=

0 if α ∈ Ωε, we have

Rg(α, p) =
1
αn

∫
Rn−1

g(x̂, (p− α̂ · x̂)/αn)dx̂, α ∈ Ωε,(2.11)

and, as was mentioned, (2.9) implies that the integral is absolutely convergent.
Differentiating on both sides of (2.11) we get, after simple transformations,

∂

∂αj
Rg(α, p) =

1
α2
n

{αjR(g + xn(∂g/∂xn))(α, p) − αn R(xj(∂g/∂xn))(α, p)} ,

α ∈ Ωε, 1 ≤ j ≤ n− 1.

(2.12)

Since expansion (2.9) can be differentiated with respect to x = rβ, we see that
g + xn(∂g/∂xn) = O(lnJ0 |x|/|x|n) and xj(∂g/∂xn) = O(lnJ0 |x|/|x|n) as |x| →
∞. Therefore, the integrals that define the Radon transform of the two functions
are absolutely convergent and differentiation under the integral sign is justified.
Repeating the above argument for derivatives of higher order we show that Rg(α, p)
is differentiable with respect to α. Since

∂

∂p
Rg(α, p) =

1
αn

R(∂g/∂xn)(α, p), α ∈ Ωε,(2.13)

we see that Rg(α, p) is differentiable with respect to p.
Let Rkj(r) be any smooth function such that Rkj(r) = lnj r/rk+n, r > 1. Then,

for p > 1 and any gkj ∈ C∞(Sn−1),

R(gkj(β)Rkj(r))(α, p) =
∫
Sn−1

gk,j(β)
∫ ∞

0

Rkj(r)δ(rα · β − p)rn−1drdβ

=
∫
α·β>0

gk,j(β)
∫ ∞
p

lnj r
rk+1

δ(rα · β − p)drdβ

=
1

pk+1

∫
α·β>0

(α · β)k lnj(p/(α · β))gk,j(β)dβ,

(2.14)
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which immediately implies the formal expansion (2.10). The asymptotic nature of
the expansion follows from the fact that, if g(x) = o(|x|−(n+k)), |x| → ∞, k ≥ 0,
then Rg(α, p) = o(p−(k+1)), p→∞. This also implies that the expansion is uniform
with respect to α ∈ Sn−1.

Let us show that (2.10) can be differentiated with respect to α and p. By what
was already proved, the functions R(g + xn(∂g/∂xn)) and R(xj(∂g/∂xn)) admit
uniform expansion of the type (2.10). Equation (2.12) implies that derivatives of
Rg(α, p) with respect to α admit uniform expansion analogous to (2.10). Therefore,
(2.10) can be differentiated with respect to α. In (2.10) the asymptotic sequence
is {ϕj,k(p) := lnj p/pk+1}, 0 ≤ j ≤ Jk, k ≥ 0. Clearly, the sequence consisting
of derivatives of ϕj,k: {(d/dp)lϕj,k(p)}, where l is the same for all j and k, is
still asymptotic. Hence (2.13), differentiability of (2.9), and what we have already
proved, imply that ∂l(Rg)/∂pl admits an expansion with respect to the sequence
{ϕ(l)

j,k}. Therefore, (2.10) can be differentiated with respect to p.

Proof of Theorem 1. Let us check the inclusion R∗X ⊂ Y. Given any µ(α, p) ∈ X
we establish that Fµ(α, λ) = Fp→λµ(α, p) is integrable at λ = 0, Fµ(α, λ) ∈
C∞(Sn−1 × (R \ 0)), and∣∣∣∣ ∂γ∂αγ ∂l

∂λl
Fµ(α, λ)

∣∣∣∣ ≤ cγlN (1 + |λ|)−N , |λ| > 1, α ∈ Sn−1,(2.15)

for any multi-index γ, integers l, N = 0, 1, 2, . . . , and some cγlN > 0. Moreover,

Fµ(α, λ) ∼
∞∑
k=0

Mk+1∑
m=0

µ̃k,m(α)λk lnm λ, λ→ 0+, µ̃k,m ∈ C∞(Sn−1);(2.16)

the expansion is uniform with respect to α ∈ Sn−1 and can be differentiated with
respect to α and λ. Property (2.15) follows from the assumption that (1.5) can be
differentiated with respect to α, p, and the obvious identity

∂γ

∂αγ
∂l

∂λl
Fµ(α, λ) =

∂γ

∂αγ
∂l

∂λl

{
1

(−iλ)j

∫ ∞
−∞

∂jµ(α, p)
∂pj

eiλpdp

}
,(2.17)

where j > 0 can be taken arbitrarily large. Expansion (2.16) and integrability of
Fµ(α, λ) at λ = 0 follow if we apply the results of [BH86], pp. 206 and 207, and the
results of [GS64] on regularization of distributions to the integrals on the right-hand
side of the equation

Fµ(α, λ) =
∫ ∞
−∞

µ(α, p)eiλpdp =
∫ ∞

0

µ(α, p)eiλpdp+
∫ ∞

0

µ(−α, p)e−iλpdp.

(2.18)

Expansion (2.16) is uniform because (1.5) is uniform, and differentiability of (2.16)
is obvious. The number of logarithmic terms in (2.16) is one plus the number of
the corresponding terms in the expansion of µ because the poles of the (analytically
continued) Mellin transforms of eit and µ(α, p) (with respect to p) interfere with
each other.
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Using that µ is even, one has

R∗µ(rβ) =
∫
Sn−1

µ(α, rα · β)dα

=
1
π

∫ ∞
0

∫
Sn−1

Fµ(α, λ)e−iλrα·βdαdλ

=
∫ ∞

0

∫ 1

−1

(1− t2)(n−3)/2µ̃β(λ, t)e−iλrtdtdλ,

(2.19)

where

µ̃β(λ, t) :=
1
π

∫
w∈Sn−2

β⊥

Fµ(tβ +
√

1− t2w, λ)dw.(2.20)

Here Sn−2
β⊥

is the unit sphere in the hyperplane passing through the origin per-
pendicular to β. Substitution of (2.16) into (2.20) implies that µ̃β(λ, t) admits an
expansion

µ̃β(λ, t) ∼
∞∑
k=0

Mk+1∑
m=0

µ̌k,m(t, β)λk lnm λ, λ→ 0+,

µ̌k,m(t, β) =
1
π

∫
w∈Sn−2

β⊥

µ̃k,m(tβ +
√

1− t2w)dw.
(2.21)

µ̌k,m is C∞((−1, 1)) ∩ C([−1, 1]) and C∞(Sn−1) with respect to t and β, respec-
tively, the expansion is uniform with respect to (t, β) ∈ [−1, 1]× Sn−1 and can be
differentiated with respect to (t, β) belonging to compact subsets of (−1, 1)×Sn−1.

Pick any η(y) ∈ C∞0 ([−1, 1]) such that η(y) ≡ 1, |y| < 1/2. We have R∗µ(rβ) =
f1(r, β) + f2(r, β), where

f1(r, β) :=
∫

1/2≤|t|≤1

(1 − η(t))(1 − t2)(n−3)/2

∫ ∞
0

µ̃β(λ, t)e−iλrtdλdt,(2.22)

f2(r, β) :=
∫ ∞

0

∫ ∞
−∞

η(t)(1 − t2)(n−3)/2µ̃β(λ, t)e−iλrtdtdλ.(2.23)

The asymptotics of f1 can be found using well-known one-dimensional methods
(see e.g. [BH86, Won89]). We have∫ ∞

0

µ̃β(λ, t)e−iλsdλ ∼
∞∑
k=0

Mk+1∑
m=0

µ̌k,m(t, β)Ψk,m(s), s→∞,(2.24)

where Ψk,m are defined by (2.4) and the overbar denotes complex conjugation.
Since 1/2 ≤ |t| ≤ 1 in (2.22), letting s = rt in (2.24), substituting into (2.22), using
(2.5), and integrating with respect to t, it is elementary to see that f1 admits an
expansion of the form (1.6). Applying Lemma 1 to the function f2, we prove that
f2 admits an expansion of the form (1.6). Since the expansion in (2.21) is uniform
and differentiable with respect to β ∈ Sn−1, it is easily seen that the expansions of
f1 and f2 are uniform and differentiable with respect to β ∈ Sn−1. This completes
the proof of the inclusion R∗X ⊂ Y.

Let us now show that Y ⊂ R∗X . Fix f ∈ Y. Let n be odd. Denote

g(x) := (−∆)(n−1)/2f(x), µ := γnRg.(2.25)
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Since (1.6) is differentiable, g admits an expansion of the type (2.9). Appealing to
Lemma 2 we conclude that µ ∈ X . Let n be even, and define µ by the equations

gl(x) := (∂/∂xl)n−1f(x), αn−1
l µ := γn(−1)n/2HRgl,(2.26)

where H is the Hilbert transform with respect to p. Appealing to the Fourier
slice theorem [Sol87], p. 329, which holds for gl (because gl ∈ Lp(Rn) for some p,
1 < p < n/(n− 1)), we see that µ is independent of l and, moreover, satisfies

Fµ(α, λ) = γnsgnλ · λn−1Ff(λα), λ 6= 0, α ∈ Sn−1.(2.27)

By Lemma 2, Rgl ∈ X . Computing the Fourier transform, it is easily seen that
Fp→λRgl(α, p) admits an expansion analogous to (2.16). Multiplying by sgnλ,
taking the inverse Fourier transform F−1

λ→p, using the results of [BH86], p. 231, and
taking into account that µ is independent of l, we prove the inclusion µ ∈ X .

It remains to check that R∗µ = f . Using (2.27) (if n is even) and (2.25) together
with the Fourier slice theorem [Sol87], p. 329, applied to gl (if n is odd), we conclude
that in both cases

Fµ(α, λ) := γnλ
n−1Ff(λα), λ > 0, α ∈ Sn−1.(2.28)

In view of an obvious string of identities,∫
Sn−1

µ(α, α · x)dα

=
1
π

∫
Sn−1

∫ ∞
0

Fµ(α, λ)e−iλα·xdλdα (Fµ is even)

=
1

(2π)n

∫
Sn−1

∫ ∞
0

λn−1Ff(λα)e−iλα·xdλdα (by (2.28))

= f(x) (in the sense of distributions),

(2.29)

we conclude that R∗µ = f in the sense of distributions. Since both functions
are C∞, they are equal everywhere. Equations (2.28), (2.29), and the Fourier
slice theorem imply also that the inversion formula (R∗)−1 = γnRI1−n holds on
Y. Estimates (2.15) and expansion (2.16) imply that Fµ(α, λ)λ1−n ∈ L1(Rn),
where λ = |x|, α = x/|x|. Together with the second equality in (2.19) this implies
injectivity of R∗.

3. Proof of Theorem 2 and Proposition 1

Let µ ∈ S(Zn). Then Fµ(α, λ) ∼
∑∞

k=0 µ̃k(α)λk, λ → 0. Equations (2.3),
(2.4), (2.19)–(2.24), and entry 22 in [GS64], p. 360, imply that f = R∗µ admits an
expansion:

f(rβ) ∼
∞∑
k=0

fk(β)
rk+1

, fk(β) =
1
π

∫
Sn−1

Ψk(α · β)µ̃k(α)dα,

Ψk(t) := Fs→t(sk+) =
ik+1k!
tk+1

+ (−i)kπδ(k)(t),

(3.1)

where the overbar denotes complex conjugation. Since µ is even, Fµ is also even
and µ̃k(−α) = (−1)kµ̃k(α). Equation (3.1) implies that

fk(−β) = (−1)kfk(β).(3.2)
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Moreover, ∫
Sn−1

1
(α · β)k+1

µ̃k(α)dα = 0.(3.3)

Using (3.1) and (3.3) one immediately proves (1.11). By the Funk-Hecke theorem
(cf. [RK96], p. 18), if µ̃k(α) contains a component Ym(α), then fk(β) will contain
the same component, but it will be multiplied by the coefficient

ckm =
1
π

∫
Sn−1

∫
Sn−1

Ym(α)Ym(β)Ψk(α · β)dαdβ.(3.4)

Substituting Ψk(t) =
∫∞

0
skeitsds and using (14.4.48) in [RK96], (6.561.14) in

[GR94], we find

ckm =
1
π

(2π)n/2(−i)m2k−0.5(n−2) Γ(0.5(m+ k + 1))
Γ(0.5(m− k + n− 1))

= 0, if m = k − (n− 1), k − (n− 1)− 2, . . . .
(3.5)

Therefore, if k ≥ n− 1,∫
Sn−1

fk(α)Ym(α)dα = 0, m = k − (n− 1), k − (n− 1)− 2, . . . .(3.6)

This condition is important only when n is odd, because it is automatically satisfied
when n is even (cf. (3.2)). This proves that R∗S(Zn) ⊂ Y1 if n is odd. Let us now
look at the generalized moments

MP = F.p. lim
ε→0+

∫
Rn
f(x)P (x)e−ε|x|dx,(3.7)

where P is a polynomial and F.p. denotes the finite part. Since any polynomial can
be expressed as a linear combination of ‘elementary’ polynomials rm+2lYm(β), we
may take P of the form P (rβ) = rm+2lYm(β). Substitution into (3.7) yields (cf.
(6.623.2) in [GR94]):∫ ∞

0

∫
Sn−1

1
π

∫ ∞
0

∫
Sn−1

Fµ(α, λ)e−iλrα·βdλdαrm+2lYm(β)e−εrdβrn−1dr

=
(2π)n/2(−i)m

π

∫ ∞
0

∫ ∞
0

µ̃Ym(λ)
Jm+(n−2)/2(λr)

(λr)(n−2)/2
rm+2l+n−1e−εrdrdλ

=
(2π)n/2(−i)m

π

∫ ∞
0

µ̃Ym(λ)
λ(n−2)/2

×
(
∂

∂ε

)2l [∫ ∞
0

rm+(n/2)Jm+(n/2)−1(λr)e−εrdr
]
dλ

=
2m+(n/2)(2π)n/2(−i)m

π3/2
Γ(m+ 0.5(n+ 1))

×
(
∂

∂ε

)2l ∫ ∞
0

ελm

(ε2 + λ2)m+0.5(n+1)
µ̃Ym(λ)dλ

=
2m+(n/2)(2π)n/2(−i)m

π3/2
Γ(m+ 0.5(n+ 1))

×
(
∂

∂ε

)2l [
ε−(m+n)

∫ ∞
0

(λ/ε)m

(1 + (λ/ε)2)m+0.5(n+1)
µ̃Ym(λ)dλ

]
,

(3.8)
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where Jp(z) is the Bessel function of the first kind, and

µ̃Ym(λ) =
∫
Sn−1

Fµ(α, λ)Ym(α)dα.(3.9)

Denote

Φm(t) =
tm

(1 + t2)m+0.5(n+1)
.(3.10)

Obviously,

Φm(t) ∼ t−(m+n+1)
∑
k≥0

cmk
t2k

, t→∞,(3.11)

for some constants cmk. Using (3.8), (3.10), (3.11) the results of [BH86], (cf. Lem-
mas 4.3.3, 4.3.6, pp. 117–122, exercise 4.16, p. 201), and the results of [Won89]
(Lemmas 1, 2, 6 in Chapter III) we obtain the asymptotic expansion of the last
integral in (3.8) as 1/ε→∞:∫ ∞

0

Φm(
1
ε
λ)µ̃Ym(λ)dλ ∼

m+n−1∑
j=0

εj+1M [Φm, j + 1]
µ̃

(j)
Ym

(0)
j!

+
∑

j>m+n
j−(m+n) odd

εj+1M [Φm, j + 1]
µ̃

(j)
Ym

(0)
j!

+
∑

j≥m+n
j−(m+n) even

1∑
k=0

bkj ε
j+1 logk ε, ε→ 0+,

(3.12)

where bk,j are some constants and M [Φm, z] denotes the (analytically continued)
Mellin transform of Φm evaluated at z (cf. [BH86], pp. 110–116). The logarithmic
terms appear in (3.12) because the poles of M [Φm, z] coincide in the right half-plane
Rez ≥ 1 with some of the poles of M [µ̃Ym , 1− z]. Since the order of differentiation
with respect to ε in (3.8) is even, we see that the third sum in (3.12) does not
contribute to the finite part of the limit in (3.7) and we get

F.p. lim
ε→0+

(
∂

∂ε

)2l [
ε−(m+n)

∫ ∞
0

Φm(
1
ε
λ)µ̃Ym(λ)dλ

]
= (2l)!M [Φm,m+ n+ 2l]

µ̃
(m+n−1+2l)
Ym

(0)
(m+ n− 1 + 2l)!

.

(3.13)

Since Fµ(α, λ) is even, (3.9) implies that µ̃Ym(−λ) = (−1)mµ̃Ym(λ). Therefore,
if n is even, µ̃(m+n−1+2l)

Ym
(0) = 0 because m and m + n − 1 + 2l are of different

parity. This implies that all the generalized moments of f = R∗µ vanish. Thus,
our argument proves that R∗S(Zn) ⊂ Y1 if n is even.

Let us prove that Y1 ⊂ R∗S(Zn). Suppose, first, that n is odd. Let f be a
function with the properties (1.7), (1.8). Since the first line in (3.5) implies that
the coefficients ckm decay at most polynomially as m→∞ (ckm = O(mk−0.5(n−2)))
and ckm 6= 0 except in the case described in the second line of (3.5), we conclude
from (3.1) that given fk(β) we can uniquely find the functions µ̃′k(α) ∈ C∞(Sn−1)
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such that

fk(β) =
1
π

∫
Sn−1

Ψk(α · β)µ̃′k(α)dα, µ̃′k(−α) = (−1)kµ̃′k(α),∫
Sn−1

µ̃′k(α)Ym(α)dα = 0, m ≤ k − (n− 1).
(3.14)

Let µ′(α, p) ∈ S(Zn) be any even function such that Fµ′(α, λ) ∼
∑

k≥0 µ̃
′
k(α)λk,

λ→ 0 (such a function exists by the Borel theorem [Hor83], p. 16). By construction,
ϕ := f − R∗µ′ ∈ S(Rn). Denoting µ′′(α, p) = F−1

λ→p(γnλ
n−1Fϕ(λα)) and µ =

µ′ + µ′′, we see that µ is even, µ ∈ S(Zn), and R∗µ = f .
Let n be even. Let µ̃′k(α) ∈ C∞(Sn−1) be the unique solutions to the first

equation in (3.14) with the property µ̃′k(−α) = (−1)kµ̃′k(α), and let µ′(α, p) ∈
S(Zn) be any even function such that Fµ′(α, λ) ∼

∑
k≥0 µ̃

′
k(α)λk, λ → 0. By

construction, ϕ := f − R∗µ′ ∈ S(Rn). By assumption, the generalized moments
of f vanish. According to the above argument, if µ′ ∈ S(Zn) and µ′ is even, then
the generalized moments of R∗µ′ vanish. Therefore, all the (usual) moments of
ϕ = f − R∗µ′ vanish, that is, Fϕ(ξ) has zero of infinite order at ξ = 0. Denoting
µ′′(α, p) = F−1

λ→p(γn|λ|n−1Fϕ(λα)), we see that µ′′ is even and in S(Zn). Therefore,
µ = µ′ + µ′′ ∈ S(Zn), µ is even, and R∗µ = f .

Let us now prove the second part of the theorem. Suppose µ(α, p) = 0, |p| ≥
A > 0. Similarly to (3.9), denote

µYm(p) =
∫
Sn−1

µ(α, p)Ym(α)dα, fYm (r) =
∫
Sn−1

f(rβ)Ym(β)dβ, f = R∗µ.(3.15)

It is easily checked that

R∗(µYm(p)Ym(α)) = fYm(r)Ym(β).(3.16)

Indeed, multiplying both sides of f = R∗µ by Ym and integrating over Sn−1, we
find

fYm(r) =
∫
Sn−1

∫
Sn−1

µ(α, rα · β)Ym(β)dαdβ

=
∑
l≥0

∫
Sn−1

∫
Sn−1

µYl(rα · β)Yl(α)Ym(β)dαdβ

=
∫
Sn−1

∫
Sn−1

µYm(rα · β)Ym(α)Ym(β)dαdβ

=
∫
Sn−1

R∗(α,p)→rβ(µYm(p)Ym(α))Ym(β)dβ.

(3.17)

Since
∫
Sn−1 R

∗
(α,p)→rβ(µYm(p)Ym(α))Yl(β)dβ = 0, l 6= m, this proves (3.16). Apply-

ing (3.1) to the pair of functions µYm(p)Ym(α) and fYm(r)Ym(β) and using (3.16),
we conclude that

fYm(r) ∼
∑
k≥0

fkm
rk+1

, fkm =
∫
Sn−1

fk(β)Ym(β)dβ.(3.18)

To show that the series in (3.18) converges to fYm(r) for r > A, let us obtain an
equation that relates fYm and µYm . By the Funk-Hecke theorem,

fYm(r) = cm

∫ 1

−1

µYm(rt)C((n−2)/2)
m (t)(1 − t2)(n−3)/2dt, cm 6= 0,(3.19)
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where C(p)
m is the Gegenbauer polynomial. Since µYm(s) = 0, |s| ≥ A, (3.19) implies

fYm(r) =
cm
r

∫ A

−A
µYm(s)C((n−2)/2)

m (s/r)(1 − (s/r)2)(n−3)/2ds, r ≥ A.(3.20)

Since the function (1− z2)(n−3)/2 is analytic in the disk |z| < 1 and C((n−2)/2)
m is a

polynomial, we immediately prove the desired result. (In fact, if n ≥ 3 is odd, (3.20)
implies that fYm(r), r > A, is a polynomial in 1/r.) Therefore, R∗C∞0 (Zn) ⊂ Y2.

Let us now prove the inclusion Y2 ⊂ R∗C∞0 (Zn). Let n be odd. Using the inver-
sion formula (R∗)−1h = γnR(−∆)(n−1)/2h and substituting h(rβ) = fYm(r)Ym(β),
we find

µYm(p)Ym(α) = γnR(−∆x)(n−1)/2(fYm(r)Ym(β)), x = rβ.(3.21)

Assumptions (1.7), (1.8), and (1.10), imply that rfYm(r), r > A, is a polynomial in
1/r that contains the powers k ≤ m+n− 3, k+m is even. Applying powers of ∆x

to Ym(β)/rk+1 and using the identities

∆x =
1

rn−1

∂

∂r

(
rn−1 ∂

∂r

)
+

1
r2

∆α, (∆α +m(n− 2 +m))Ym(α) = 0,(3.22)

we get

∆x
Ym(β)
rk+1

=
(k +m+ 1)(k −m− n+ 3)

r2

Ym(β)
rk+1

,

∆2
x

Ym(β)
rk+1

=
(k +m+ 3)(k −m− n+ 5)

r2
∆x

Ym(β)
rk+1

, . . . ,

∆(n−1)/2
x

Ym(β)
rk+1

=
(k +m+ n− 2)(k −m)

r2
∆(n−3)/2
x

Ym(β)
rk+1

.

(3.23)

This implies

∆(n−1)/2
x (fYm(r)Ym(β)) = Ym(β)

∑
k≤m−2
k+m even

ck
rk+n

, r ≥ A.(3.24)

Taking the Radon transform similarly to (2.3) in [Kat97], we get R∆(n−1)/2
x (fYmYm)

= 0, |p| ≥ A. Equation (3.21) implies µYm(p) = 0, |p| ≥ A. Since m ≥ 0 is arbitrary,
µ(α, p) = 0, |p| ≥ A.

Let n be even. We have

FµYm(λ)Ym(α) = γn|λ|n−1Frβ→λα(fYm(r)Ym(β)).(3.25)

As before, denote glm = (∂/∂xl)n−1(fYmYm). Then

FµYm(λ)Ym(α) = (−1)n/2
γn

αn−1
l

(−isgnλ)Fglm(λα), αl 6= 0,(3.26)

that is,

(Hp→tµYm(p))Ym(α) = −(−1)n/2
γn

αn−1
l

Rglm(α, t), αl 6= 0.(3.27)

By assumption, fYm(r) is the sum of its asymptotic series on the domain r > A.
From (1.7) and (1.10)

fYm(r) =
∑
k≥0

k+m even

ck
rk+1

, r > A,(3.28)
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for some constants ck. Since n is even, repeated differentiation of fYm(r)Ym(β),
x = rβ, with respect to xl gives

glm(rβ) =
∑

j≤m+n−1

Yj(β)
∑
k≥0

k+j odd

gkjl
rk+n

, r > A,(3.29)

for some constants gkml, and for each j the series with respect to k is absolutely
convergent. Substituting into the definition of the Radon transform, integrating,
and using the Funk-Hecke theorem we obtain

Rglm(α, t) =
∑

j≤m+n−1

Yj(α)
∑
k≥0

k+j odd

ĝkjl
tk+1

, |t| > A;

ĝkjl = gkjl
|Sn−2|

C
((n−2)/2)
j (1)

∫ 1

0

skC
((n−2)/2)
j (s)(1 − s2)(n−3)/2ds.

(3.30)

The formula for Rglm is first derived for t > A, and then extended to t < −A using
that Rglm is even and ĝkjl 6= 0 only when k+ j is odd. Thus, Rglm(α, t) is the sum
of its asymptotic series on the domain |t| > A and, therefore, Rglm(α, t) can be
extended (in the t-variable) as an analytic function to the domain |z| > A, z ∈ C.
Using the inversion formula for the Hilbert transform, we have

µYm(p)Ym(α) =
γn(−1)n/2

αn−1
l

i

2
lim
ε→0+

[Rglm(α, p+ iε)−Rglm(α, p− iε)] = 0,

αl 6= 0, |p| > A.

(3.31)

Since l is arbitrary, we finish the proof. The theorem is proved.

Remark 1. The following observation appears to be of interest. Let µ ∈ S(Zn)
and f = R∗µ. Clearly, Fµ(α, λ) ∼

∑∞
k=0 µ̃k(α)λk , λ → 0, where µ̃k(α) = (ik/k!)

×
∫∞
−∞ p

kµ(α, p)dp. If n is even, none of the zero eigenvalues ckm of the integral op-
erator in (3.1) fall onto nonzero harmonics of µ̃k(α), that is, µ̃k(α) can be uniquely
determined knowing fk(β) by solving (3.1). However, if n is odd, some of the ckm’s
that correspond to nonzero harmonics of µ̃k(α) are zero. Hence, unique recovery
of µ̃k(α) from (3.1) is not possible. It turns out that determination of the ‘lost’
harmonics is still possible without full inversion of f . This can be done by using
the generalized moments. Indeed, from (3.9)∫

Sn−1
µ̃k(α)Ym(α)dα =

1
k!
µ̃

(k)
Ym

(0).(3.32)

Equations (3.7)–(3.13) imply that MP , P = rm+2lYm, and µ̃(k)
Ym

(0), k = m+n− 1 +
2l, l ≥ 0, are proportional. Comparing (3.32) and (3.5) we see that these values of k
correspond precisely to the ‘lost’ components. By (3.10) and (3.251.11) in [GR94],

M [Φm,m+ n+ 2l] = 0.5B(m+ l + (n/2), 0.5− l) 6= 0,(3.33)

where B is the beta-function. Hence, by (3.13) µ̃(m+n−1+2l)
Ym

(0) and the ‘lost’ com-
ponents can be found knowing MP , P = rm+2lYm.
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